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Markov’s inequality asserts that

max [p'(x)l <n® max |p(x)] (1)

—lsx<1 —lsgxsl

for every polynomial of degree at most #n. The magnitude of

max_;<xe1 1P/ (X)|
es MAX_ ey |P(x)|

)

P

was examined by several authors for certain subclasses S of 77,. In this paper we
introduce S=S7(r) (0<m<n, 0<r<1), the set of those polynomials from /7,
which- have all but at most m zeros outside the circle with center 0 and radius 7,
and establish the exact order of the above expression up to a multiplicative
constant depending only on . © 1990 Academic Press, Inc.

1. INTRODUCTION, NOTATIONS

Denote the set of all real algebraic polynomials of degree at most n by
.. Let P7(r) (0<m<n, r>0) be the set of those polynomials from 7,
which have only real zeros, at most m of which are in (—r, r). In 1940
P. Erdés [5] proved that

¢

max [p'(x)I<zn max |p(x)| {3
_l<x<1 2 —1<x<t

for every polynomial from P%(1). Let K(r)= {ze C: |z| <r} and denote by
S7(ry (0<m<n, 0<r<1) the set of those polynomials from 7, which
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have all but at most m zeros outside K(r). In 1963 G. G. Lorentz [6]
defined the class

P, (a b)= {p: plx)= i aj(x—a)j (b—x)""7 with all aJ-ZO}

Jj=1
and proved that

max |pOx) < e(k) n omax p(x)l (peP(-L1) ()

—lsx<

with a constant depending only on k. He observed the relation
S°(1)=P,(—1,1) as well. For the first derivative J. T. Scheick [7]
extended Erdds’ inequality for polynomials from P,(—1, 1) with the best
possible constant e/2. In [3], T. Erdélyi proved the sharp inequality
max |p®(x)| <c(k) min{n®, nr= 2} max |p(x)  (5)
—1<x<1

—-l<x<1

for polynomials of degree at most » having no zeros in the union of
the circles with diameters [—1, —1+2r] and [1—2r, 1], respectively
(0 <r<1). In this paper we examine the magnitude of

o M 1zee [P
’
peS max—1<x<1 |p(x)|

where §S=57'(r) (0<m<n, 0<r<1) and establish the exact order up to
a multiplicative constant depending only on m. The theorem we prove is a
common generalization of Markov’s inequality (r =0, m =0) and Lorentz’s
result (r=1, m=0).

2. NEw RESULT

THEOREM. For every 0 <r<1 and 0 <m<n we have

ey(m)(n+ (1 —r)n*)< sup max _, o, |p'(x)|

< cy(m)(n+ (1 —r)n?),
pesrin MAX _ycxqy [p(x)] 2

where c¢;(m) and c,(m) depend only on m.
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3. LEMMAS FOR THE THEOREM

To prove our theorem we need several lemmas. First we deal with the
upper bound. The crux of the proof is to give the desired upper bound for
|p'(1}|, from this we will deduce the right hand side inequality easily. Our
first lemma guarantees the existence of an extremal polynomial with some
additional properties. Let

R(r)=1{zeC:|z—r2| <r/2}

and denote by §™(r) (0<m<n, 0<r<1) the set of those polynomials
from 17, which have all but at most m zeros outside K(r).

LemMA 1. Let O<r<1 and 0<m<n There exists a polynomial
0, € §™(r) with the following properties:

(i) 1Qu(1)l/max, ., < |Qu() =5up, gny (1P (1)]/maxo . <4 1P(x)])

(ii) Q, has all but at most m zeros in the set {z€C: |z—r/2|=r/2} U
[r, 173, and the remaining at most m zeros are in {0, r).

To formulate our next lemma we need to introduce a number of nota-
tions. According to Lemma 1, Q, is of the form

B Y 5
Q,(x)=cx" l_[ (x— j)(x_z_j) H (x—xj) n ('x—yj)’ (6)

j=1 j=1
where
lz;—r/2| =12, ZEgR (1<j<p), {7)
x;elr 1] (1<j<y), (8)
y;€(0,7) (1<j<o<m), %)
si=a+2f+y+<n (10)

Observe that (7) implies
(x— j)(x—zj)zﬂjx2+vj(r-x)2 (&, Vj>0, 1<j<h),

from which we deduce

B
[l x=z)x—z)= i ayx¥(r—x)$-¥ (11)

j=1 j=0
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with
20  (0<j<p)
From (6) and (11) with ¢=1 we obtain
B
Q.(x) =j§0 ayq;(x)

with

v P
g;(x)=x" Hr—x)?"F [ (x=x) [ (x—»)  (0<j<p)

j=1 j=1

For the sake of brevity let
Y =28—2j+7.

Further we introduce

1
* . =mi 1—— <),
¥ min {r, 1 Os} (O<r<l)

where s> 1 is defined by (10). Choose a
z¥e[1—-5(1—r*), 1 —4(1—r*)]
such that

1—r*

A E Y

From (17) and (18) we easily deduce

2% — y|> 1-rr  1-2 (1<j<9)
T2 m+ 1) 10(m+ 1) SIS
which gives
1—y,
¥yl — 1<j<9).
=2y (SIS

Using the notations introduced in (6)—-(19) we can establish

LemMma 2. Let 9/10<r< 1. If an index 0 < j< f satisfies

;2 20s(1 —r*),

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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then we have

lg; (1)l < c3(m)s |g;(z*)],

where ¢;(m) is a constant depending only on m.

Our following lemma is a slight extension [2, Corollary 3.17 of a deep
theorem of Borwein [1]. We will not prove it in this paper.

LemMma 3. If pell, has at most k (0<k<n) zeros in the open circle
with centre and radius 1/2, then

max [p'(x)|<18n(k+1) max |p(x)l,
1 1

sx< 0<xx

and this inequality is sharp up to the constant 18.

This result was conjectured by J. Szabados [8], and he showed it would
be sharp. P. Borwein [1] proved Lemma 3 under the additional assump-
tion that p has only real zeros. In [2, Corollary 1.37] Lemma 3 was shown
without this additional assumption.

Remark. In [4], Lemma4 was generalized for higher derivatives.
Namely the sharp inequality

max [p(x)] <c(i)(n(k-+1)Y max [p(x)

0<x< X<

holds for every polynomial p € I7, which has at most k (0 <k <n) zeros in
the open circle with centre and radius 1/2. This result does not follow from
Lemma 3 by a simple induction on J.

4. PROOF OF THE LEMMAS

Proof of Lemma 1. Let 0<n<1 be fixed. We first consider the corre-
sponding extremal problem for the uniform norm on [0, #],

Gl _ o 1P
maxOsxéqIQn,r](x)l pe§:‘"(r)max0$x<nlp(x)l.

(21)

The subset of polynomials in. S™(r) whose uniform norm on [0, #] is
bounded by 1 is compact and the operator p — p’(1) is continuous on this
subset. This guarantees the existence of maximal 0, , in (21). To prove that
(i) holds for Q,,, first we show that Q,,(z)=0, z;¢R imply
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|z, —r/2|=r/2. Suppose indirectly that Q,.(z;)=0, z,¢R, and
|z, —r/2| #r/2. Then the polynomial

e(x—1)*

PAx)= 0, (x)— G z)G—5)

Qn n(x)

with a sufficiently small ¢ >0 contradicts the maximality of @, ,. Now we
prove that Q,,(z;)=0, z, e R\(0, r) imply either z, =0 or z; € [r, 1]. By
the just proved part of the lemma, Q, , is of the form

Qn,,,(X)=Cﬁ (X—Z,-)(x—fj)ﬁ (x—x;) ﬁ (x—y;) (22)
j=1 j=1 j=1
where
—r21=r%  Z#R(I<j<P; ¥ <x< - <x,eR\(Or)
y;€(0,r); (1<j<6<m); 2B+y+o<m c#0.

To finish the proof of the lemma we show that x; <0 or x,> 1 contradicts
the maximality of @, ,. To see this we distinguish three cases.

Case 1. Q,, has at least two zeros (counting multiplicities) in
R\[0, 1]. Denote these (not necessarily different) two zeros by «; and «,.
Then the polynomial

Px) = Qo) 3 signlo, ) G )

x—oy)(x —ay)
with a sufficiently small >0 contradicts the maximality of Q,, .

Case 2. x,>1, x,_;<1. Then we can choose a u>1 such that
X—u
X=Xy

To see this we introduce the polynomial f, (x) = ((x —u)/(x — x,)) @, ,(X).
If x, ;=1, then u=1is suitable. If x,_, <1, then

A (L1 1N & 1 a1 i
f,,<1)“{j§1(1—z,-+1—z-->+,§11—y,-+j§11—xj}+1—u'

o) =0

J

Since {-} is positive, u>1 can be chosen so that f7(1)/f,(1)=0 holds.
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Therefore the polynomial

Pa(x) = Qn,ﬂ(x) -

(%)

with a sufficiently small ¢ >0 contradicts the maximality of g, ,.

. Case 3. x;<0, x,20, x,<1. Then similarly to Case 2, we can choose
a u =1 such that
xX—u
x —

therefore the polynomial

| (x))'u):o,

Po(x) = QpnlX) + 6 0, ()
X— X

with sufficiently small ¢ >0 contradicts the maximality of Q,,. 1}

Proof of Lemma 2. Recalling (14), (8), (9), and (16) we easily get

lg; (1) S[(cx+2j)(1 Ay (1 Yt

8 1 4
pa=rp L= | 0-5)  O<j<p. @)
i=1 idi=1

Further, using (14), (17), (16), (8), (9), 9/10<r*<1, l—x>e >
(0<x<0,7), (19), (20), (10), and J < m, we obtain

1

g;(z*) = (1 =5(1—r*))** ¥ 31 —r*) [] 1% -yl

i=1

> exp(— 10(ct + 2)(1 — %)) 3%(1 — r¥ )

<10m1+ 11) IHI (1=

3 10(a + 27)}(1 —r*) 4
><—> 3P (1 —r*)cy(m) [ (1—y))

€ i=1

[
2 cy(m) 372 (1—r*) [T (1= y)) (24)

i=1
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Thus (23), (24), (10), 6 <m, and (16) yield

g 372y
< 2 -
2@ S ey T T AT

< c(m)(s+ 10s + 10sm) c5(m)s,

thus the Lemma is proved. |

5. PrOOF OF THE UPPER ESTIMATE OF THE THEOREM

If 0 <r<9/10 the Markov inequality (1) gives the desired result without
exploiting any information on the zeros. Therefore in the sequel we assume
that

H<r<l. (25)
First we give the desired upper bound for |Q,(1)| where Q, is the extremal

polynomial defined by Lemma 1. Recalling the representation (10) we split
the sum in (13) as

Q.(x)= pi(x)+ paAx), (26)
where
B
pilx)= Z aquj(x) (27)
yj = 2105=(?~ r*)
and -
B
pAx)= ) ayq;(x). (28)
Jj=0

¥; < 20s(1 —r*) )
By Lemma 3, (27), (26), (12), (16), (17), and (25) we easily deduce
|P1(D)] < c3(m) 5| py(2*)] < c3(m)s]Q,(2*)]
<c3(m)s max [Q,(x)]. (29)
Ogx<1
Now observe that p,(x) is a polynomial of degree at most h, which has all

but at most [20s(1 —r*)]+m zeros at O (see (28), (14), (15), (9), and
(10)), so using Lemma 3 and (16), we obtain

[p5(1)) <18s(20s(1 —r*)+m+1) 0max1 | pa(x)

<cs(m)(s+(1—r) sz)orggl | pa(x)l. (30)
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It is easy to see that (26), (27), (28), and (12) imply

Jmax [p2(x) < max 1Q,(x),

SXE

hence (30) yields

Ipz(1)|<cs(m)(S+(1—r)s2) max |Q,(x)|.

0sxx!

From (26), (29), (31), and (10) we conclude

Q1] Seglm)(n+(1=r)n?) max 10,(x)],

therefore by the maximality of Q, we have

[P(D<ce(m)(n+ (1—r)n?) Jmax [p(x)}  (pe Su(r)).

<sx<x1

From (33), by a linear transformation we easily deduce

329

(31)

[P <erm)n+(1—r)n?) max |p(x)  (pe Sm(r), r<y<1).

Furthermore, after a linear transformation Lemma 3 yields

18
(Y <—n(m+1) max |p(x)]

Osx<r

<20(m+ 1)n max |p(x)|

0x<r

(peS8™(r), 9/10<r<1,0< y<r).

Now (34) and (35) show that

max |p'(x)<cg(m)(n+(1—r)n®) max |p(x)

O0<x<x1

O0<sxx1

(peSy(r)=S7(r)

(34)

(36)

and by reason of symmetry this gives the upper estimate of the theorem

when 9/10 <r<1. |

640/63/3-5
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6. REMARK ON THE HIGHER DERIVATIVES

Observing that pe P™(r) (0<m<n—1, 0<r<1) implies pe P"*(r),
from the result of Section 5, by induction on m we obtain

CoOROLLARY 1. We have

max_|p"(x) <esm)(n-+(L—r)n®)" max_|[p(x)

—l<x<

<x<

for every pe P(r).

7. PROOF OF THE LOWER ESTIMATE OF THE THEOREM
AND THE SHARPNESS OF COROLLARY 1

In this section we prove that

(m)
sup PEorexer PN i (1 -2y (37)

peP’r) MAX_ycrqy | p(x)I

To show this we distinguish two cases.

Case 1. 0<r<1-—8m/n Then we can choose an integer m <k <n such
that

Skt 8 (38)
n
and let
1 k
Tk(x)=——-—2k_lcos(k arccos x) =[] (x—v,) (39)
=1

—l<y <y, < o <<l
We introduce the polynomial

a0 =(x+"52) T (40)

Observe that

1
Tl < max T () =gr=r<21 =) (=1<x<172), (41)
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and from (39) we deduce
[T <(I-xy  (x<~1), (42)
Since x = 1/2 is the only point in ((2k — n)/(2k), 1) where

O

vanishes, recalling (40), (41), and (42), we conciude

() <2 (x+"‘2k>"_k (1—x)*

2k
< 1+n——2k n_k<l>k
S\20 2% 2
2k—n 1
< —<x<D ]
) (Ftersy) (43)
Apparently
lg(x) <q(1)  (G<x<1) (44)

and this together with (43) yields

max lg(x) = q(1). {45)

(k—ny2k) <y <t

Now let
n dk—n
p(y)=q<4—ky+ yy ) (46)
and
4k k—j — 4k
nj=—~cos( ])n+n (0<j<k). (47)
n k n
From (45), (46), (39), and (40) we easily deduce that
max_1p(y)=p(1) (48)

and p has all its zeros at —1 or in (1 —8k/n, 1), hence by (38) we get
peP(r). (49)
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By (40), (46), (47), (48), cos x =1 —x?/2, and 8k < it is easy to see that

B (k—j)m n—=2k\""F/1\!
1t =(e0s EZ L2 222) T (5)

> e1y(m) (1 +"“2">"4k (1>H —cy(m) p(1)

2k 2
=cyy(m) _max lp(»)l (k—m<j<k) (50)
and
sgn p(n;)= —sgn p(n;,.,) (k—m<j<k—1) (51)

By (47) and cos x > 1 — x%/2 we obtain

cy(m)

t-n <22 (k—m<j<k), (52)
Let Q(x)=T1s_,_,, (x—n,), then (52) implies
2o <(2)" w-me<h (59)
and obviously
sgn Q'(n;)=—sgn 2'(n;,.,) (k—m<j<k—1) (54)

Using (50), (51), (53), and (54), by a well-known relation for the mth
order divided differences, we obtain that there exists a suitable £ € [#y _ ., 1]
such that '

k ) k .
pr@=mt| ¥ BB 3 |HLL
= ¢ 5(m)(nk)™ _1rgayx<1 14831

= c(m)(n+ (1 —r)n?y” _max Lp(»)l,
which together with (49) proves (37).

Case 2. 1—8m/n<r<1.Then (37) holds obviously by taking the poly-
nomials (1 + x)”. This completes the proof of the theorem. ||
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8. REMARK ON THE CASE r> 1

Here we discuss what happens in the Theorem when » > 1, This turns out
to be much easier than the case 0 <r<1.

PROPOSITION. For 1 <m<n and r>1 we have

n\" max ) (x n\"
C1s(m)(;> < sup SR (j)lgcm(m)(; 5

pesin MAX ;oo cy | p(x)]

where ¢,5(m) and c,¢(m) depend only on m.

Proof of the Proposition. The left hand side inequality can be obtained
by taking the polynomials (x+r)”. When 1 <r<2 the right hand side
inequality follows from Lorentz’s Theorem (see Theorem B in [3]) and the
observation that a polynomial p e S%(1) has the representation

plxy= Y a;(1—xy (1+x)""/  with all ¢, 0 or all 4;,<0.
Jj=1
Now let r>2. Observe that pe S2(r) can be written as

p(x)=1Y ayq,; withallg;>0orall g,<0, (55)

ji=1
where

G,y (x)=(r—x)/ (r+x)"~". {56)

By Rolle’s Theorem ¢(%) (1<m<n) has all its zeros in [—r,r], so a
simple calculation shows

g\ )(x)l n!  (r+D)” ( ”
)m\ c17(m) >

g, ; () (n m)! (r—
(x| <1, 1<m<n, r>2) (57)

Thus (55), (56), and (57) yield

PP _1p")
max_; oy PG 2]

<C17(m) (;) (|x|<15 1<m<n7 r>2}

‘which gives the Proposition. |
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9. FURTHER PROBLEMS

Our theorem does not show any improvement to the Markov inequality
if ¥>0 is small, e.g., 0 <r < 1/2. P. Erd6s raised the following

Conjecture. For all 0 <r<1 there exists a constant c(r) <1 depending
only on r such that

max_[p'(x)|<e(r)n® max |p(x)  (peSr), nZnolr).
<x<1: —i<x=<

At present this is an open problem.

Problem. Let S be the collection of those polynomials of degree at most
n, which have no zeros in the region bounded by the lines y= +x + 1. The
order of

su max—lsxsl |p (x)l (58)
pesS maX71<x<1 |p(X)|
is obviously between O(n) and n?. What is the exact order of (58)? The

author was not able to prove even that the order of (58) is o(n?) but
conjectures that it is O(n).
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